The spin-1/2 ferromagnetic-antiferromagnetic alternating Heisenberg chain with ferromagnetic nextnearest-neighbour (NNN) interaction is investigated. The ground state is the Haldane phase for weak NNN interaction, and is the ferromagnetic phase for weak antiferromagnetic interaction. We find a series of topologically distinct spin-gap phases with various magnitudes of edge spins for strong NNN interaction. The phase boundaries between these phases are determined on the basis of the DMRG calculation with additional spins that compensate the edge spins. It is found that each of the exact solutions with short-range antiferromagnetic correlation on the ferromagnetic-nonmagnetic phase boundary is representative of each spin gap phase.
Introduction
Physics of the topological phases of matter is one of the most attractive fields of contemporary condensed matter physics. Among them, the Haldane phase of the integerspin antiferromagnetic Heisenberg chain 1, 2 is one of the simplest but nontrivial topological phases in quantum magnetism. [3] [4] [5] [6] [7] As an extension of the concept of the Haldane phase, one of the authors introduced the spin-1/2 Heisenberg chain, which has two different alternating exchange interactions J A and J F . The ground state of this model interpolates those of the uniform spin-1/2 and spin-1 Heisenberg chains. 8 As long as J A > J F and J A is antiferromagnetic, this ground state is adiabatically connected to the Haldane phase of the spin-1 antiferromagnetic Heisenberg chain without closing the bulk energy gap. Therefore, this ground state belongs to the same topological phase as the Haldane state.
The quantum magnetism in frustrated spin systems is another rapidly developing field of condensed matter physics. 9, 10 Although topological phases in twodimensional magnetic systems are often expected in frustrated quantum magnets, 11, 12 the effect of frustration on the one-dimensional topological phases has been less studied. In the present work, we investigate the effect of frustration on the ground state of the spin-1/2 ferromagnetic-antiferromagnetic alternating Heisenberg chain. The frustration is introduced by the next-nearestneighbour (NNN) ferromagnetic interaction J L . The lattice structure is shown in Fig. 1 . This structure can also be regarded as a frustrated ladder [13] [14] [15] with a ferromagnetic leg interaction J L , a ferromagnetic rung interac- The main results of the present study are summarized in the phase diagram of Fig. 2 . In addition to the ferromagnetic (F) phase and the Haldane (H) phase, we find intermediate phases with various magnitudes of edge spin S e in the region with strong ferromagnetic NNN interaction J L . The difference in the magnitude of edge spin reflects the topological difference of the bulk ground states. [3] [4] [5] [6] A well-known example is the edge spins with magnitude 1/2 in the Haldane phase of the spin-1 Heisenberg chain. 17 This state is topologically distinct from the trivial spin gap phases such as the dimer phase or the large-D phase which has no edge spins.
3-5 The (17) is shown by the dotted line. The open squares are data for the boundary between different spin-gap phases determined numerically in §4.3. The filled circles correspond to the "special points" defined by Dmitriev et al. 18, 19 The solid curves are guides for the eye.
points where the exact solutions are available 18, 19 are shown also in Fig. 2 . This paper is organized as follows. In the next section, the model Hamiltonian is presented. We start with the classical analysis in §3, and then determine the groundstate phase diagram by the numerical diagonalization and DMRG technique in §4. The relation to the exact solution on the ferromagnetic-nonmagnetic phase boundary is also discussed. The last section is devoted to a summary and discussion.
Hamiltonian
We aim to clarify the nature of the ground state of the spin-1/2 Heisenberg chain described by the Hamiltonian
where S l is the spin-1/2 operator on the l-th site. In the present work, we concentrate on the case where J F , J L < 0 (ferromagnetic) and J A > 0 (antiferromagnetic). If we assume the periodic boundary condition S l+2L = S l , the total number of spins is 2L. In the following sections, however, we also consider several different open chains with additional spins suitable for elucidating the nature of different phases and phase transitions between them.
Classical Ground-State Phases
Before analyzing the quantum ground states of Hamiltonian (1), we examine the ground states of its classical version for comparison. The classical Hamiltonian H cl L is given by replacing the spin 1/2 operator S i by a classical vector with length S in H L .
Ferromagnetic phase
We rewrite H cl L in the following complete-square form
where
, and
As long as A > 0 and B > 0, the ground state is the ferromagnetic state where S i is independent of i, and the ground-state energy is E F . A is always positive for J F < 0 and J L < 0. Hence the condition B > 0 written as
gives the ferromagnetic phase.
Antiferromagnetic phase
For A ≥ 0 and B ≥ 0, the ground state is the antiferromagnetic (AF) state where S l+1 = −S l for all l, and the ground state energy is E AF . These conditions reduce to 1
for the antiferromagnetic (AF) phase.
Double-period antiferromagnetic phase
, and the ground-state energy E DAF is given as
For A ≥ 0 and B ≥ 0, the ground state is the antiferromagnetic state with doubled periodicity (DAF state) where S 2l = S 2l−1 = −S 2l−2 = −S 2l−3 for all l, and the ground-state energy is E DAF . These conditions reduce to
for the double-period antiferromagnetic (DAF) phase.
Spiral phase
A ground-state spin configuration is such that all the squares in eq. (11) are zero and the ground state energy is E S . In the ground state, both S 2l−1 and S 2l+2 are on the plane spanned by S 2l and S 2l+1 , and then all the spins are in the same plane. Setting the plane as the xy-plane, the spin configuration is expressed as
with
and arbitrary θ 0 . This spin configuration shows that the system is in the spiral (S) phase with period θ. The ground state is a commensurate spiral state if θ/π is a rational number, and otherwise, an incommensurate one. For example, in the case of J L = −J A /2 and J F = −J A , we have a commensurate spiral state with θ = φ = π/3 and E S = −(3/2)J A S 2 L. The spiral spin configuration exists if and only if | cos φ| ≤ 1 and | cos(θ + φ)| ≤ 1 for eq. (15) . These conditions restrict the values of the exchange parameters and determine the phase boundaries between the spiral phase and the other phases. Rewriting the conditions using the exchange parameters, we find that the spiral phase occupies all the area outside the F, AF, and DAF phases respectively given by eqs. (4), (7), and (10). The spiral spin configuration reduces to the F, AF, and DAF configurations on the boundaries, as expected. The classical ground-state phase diagram is summarized in Fig. 3 . A comparison of this classical phase diagram to the quantum one in Fig. 2 reveals that the ferromagnetic phase remains in the same area. The spiral phase together with the AF and DAF phases seems to turn into the Haldane phase with spin gap and shortrange order owing to quantum fluctuation. The intermediate phases between the ferromagnetic and Haldane phases are proper to the quantum system, and will be examined in detail in the next section.
Ground-State Phase Diagram

Strong coupling limit :
In the strong J F limit, S 2l−1 and S 2l form a triplet pair that is described by the spin-1 operatorŜ l = S 2l−1 +S 2l . Then the original Hamiltonian (1) is mapped onto an effective spin-1 Heisenberg chain,
with an effective exchange parameter
The ground state is a ferromagnetic state for J L < −J A /2, whereas it is a Haldane state for J L > −J A /2. As long as the spins S 2l−1 and S 2l form a composite spinŜ l with magnitude 1, the Haldane state has an unambiguously topological nature. [3] [4] [5] [6] Reflecting this fact, the edge spins with magnitude 1/2 appear at the open edges in the Haldane phase. However, actual spins S 2l−1 and S 2l in Hamiltonian (1) are independent degrees of freedom, although they interact with each other. If we cut the chain between S 2l−1 and S 2l , no edge spins appear at the boundary in the Haldane phase. Therefore, we can also regard this phase as a trivial spin-gap phase. Thus, the definitions of the terms "topological" and "trivial" are rather arbitrary in the present model. To fix the terminology, we choose the pairs of spins on the J F bonds as building blocks of the bulk of our chain and call the phase that adiabatically continues to the Haldane phase of the spin-1 chain in the limit
Ferromagnetic-nonmagnetic phase boundary
The stability limit of the ferromagnetic phase can be determined from the requirement that the single magnon excitation energy vanishes 15 as
This is plotted as the dotted line in Fig. 2 . This is the same as the classical phase boundary given by eq. (4). It is also numerically confirmed that no partial ferromagnetic phases [20] [21] [22] [23] [24] [25] [26] [27] appear between the ferromagnetic and nonmagnetic phases. Hence, this transition is the first-order transition accompanied by the discontinuous change of the total magnetization.
Intermediate spin-gap phases
In the following numerical calculation, we fix the energy unit by setting J A = 1 without loss of generality. Figure 4 shows the J F -dependence of the scaled lowest singlet-triplet energy gap L∆E for J L = −1.5 and J A = 1 calculated by the numerical diagonalization method with the periodic boundary condition. The size dependence of the scaled gap L∆E is weak around J F ∼ −1.3 and L∆E increases with L on both sides of this point. This suggests that a phase transition between two different spin-gap phases takes place around this point. Namely, an intermediate spin-gap phase, which is different from the Haldane phase, exists between the Haldane and ferromagnetic phases.
To gain more insight into the properties of this intermediate phase and to determine the phase boundary between the intermediate and Haldane phases more pre- cisely, we employ the DMRG method for the open chain Hamiltonian,
where the total number of spins is 2L. This Hamiltonian naturally continues to the open spin-1 Heisenberg chain in the limit of J F → −∞. Therefore, the quasidegeneracy of the ground state due to the edge spins with magnitude 1/2 is expected in the Haldane phase. In the present model, however, the lowest magnetic excitation gap is extremely small under this boundary condition in the whole interval of J
5. This suggests that the ground states are quasi-degenerate even in the intermediate phase, although the precise analysis of the size dependence of the scaled gap is difficult because of the smallness of the energy gap. This is in contrast to the conventional Gaussian transition between two spin-gap phases such as the Haldane-dimer transition in dimerized spin-1 Heisenberg chains.
28, 29
To resolve the quasi-degeneracy of the ground state and the low-lying excited states in the Haldane phase, we add two spins, T 1 andT 1 , on the two ends of the chain as
This geometry is shown in Fig. 5 . It should be noted that the additional spins T 1 andT 1 are merely added to compensate the edge spins in the Haldane phase to elucidate the nature of the original open chain H o L which tends to the spin-1 open chain in the limit of J F → −∞. In this case, the total number of spins is 2(L + 1). The behavior of the scaled gap (L+1)∆E is shown in Fig. 6 . It increases with the system size in the Haldane phase, as expected, whereas it still decreases with the system size in the intermediate phase. This implies that the edge spins in the intermediate phase are not fully compensated by the added spins T 1 andT 1 in Hamiltonian (19) 17 We also find that the ground state of the chains with no additional spins, Hamiltonian (18) , is quasi-degenerate with the lowest energy state with S Motivated by this speculation, we examine the Hamiltonian (20) with additional 2L e ferromagnetically coupled spins T l andT l to both ends of the open chain Hamiltonian (18) . The lattice structure is shown in Fig. 8 In what follows, we call the intermediate phase that has the edge spin with magnitude S e in Hamiltonian (18), the I Se phase. The I 1/2 phase is the Haldane phase. The J F -dependence of the scaled energy gap is shown in Fig.  9 for J L = −1.5 and L e = 2. In this case, the scaled gap increases with the system size in the intermediate phase, while it decreases with the system size in the Haldane phase. This implies that the edge spins in the intermediate phase of Hamiltonian (18) are fully compensated by the added spins, as expected. This confirms that the magnitude S e of the edge spin is unity in this phase. The J F -dependence of the scaled energy gap is shown in Fig. 10 for J L = −2, and L e = 1, 2, and 3. The same plot is shown in Fig. 11 for J L = −2.5 and L e = 2, 3, and 4. The scaled energy gap increases with L if the edge spins are compensated by the added spins. For J L = −2.0 , we find three phases with edge spins S e = L e /2 = 1/2, 1, and 3/2, whereas for J L = −2.5 , we find four phases with S e = L e /2 = 1/2, 1, 3/2, and 2, although the data for L e = 1 are not shown.
Following the scheme of the phenomenological renor- malization group, 30 we determine the finite-size phase boundary from the intersection point of the scaled gap for Hamiltonian (20) . To determine the I Se -I Se+1/2 phase boundary, we use the energy gap for H LL e and H LL e+1 with L e = 2S e . After extrapolation to the thermodynamic limit L → ∞, the two results are found to coincide within 2×10 −2 , even in the worst case, for the data shown in Fig. 2 . The extrapolation procedure is shown in Fig. 12 for the Haldane-I 1 phase boundary with J L = −1.5 . In  Fig. 2 , we plotted the I Se -I Se+1/2 boundary determined from H L2S e , because its size dependence is weaker than that determined from H L2S e+1 empirically.
The size dependence of the bulk energy gap in the middle of I 1 and I 3/2 phases is plotted against the system size in Fig. 13 . It is seen that the magnitude of the energy gap is small but finite in these phases.
Valence bond structure of the intermediate phases
Since each I Se phase is gapped, its valence bond structure is short-ranged. Nevertheless, the actual valence bond configuration is rather enigmatic. For example, the simplest possible structure of the I 1 phase speculated from the magnitude of the end spins would be the one shown in Fig. 14(a) . To examine the possibility of this structure, we have measured the spin correlation functions S 2l+2j+1 S 2l with −4 ≤ j ≤ 3 using DMRG near the center of the chain.
Contrary to the above intuition, we find that S 2l S 2l+1 has the largest amplitude not only in the Haldane phase but also in the I 1 phase, as shown in Fig. 15 for J L = −1.5 and J A = 1. Nevertheless, it decreases with J F , and the correlation S 2l S 2l+3 increases with J F . Furthermore, a cusplike behavior is observed in all short-range correlation functions at the phase boundary. Thus, we speculate that the dimer configuration of To confirm this picture, we consider the model with additional antiferromagnetic bonds J ad to H LLe with L e = 2, as shown in Fig. 16 . The Hamiltonian is given by
In the limit of large J ad , it is obvious that the dimer configuration of Fig. 14(a) is the ground state of Hamiltonian (21) . The DMRG result for the J ad -dependence of the energy gap is shown in Fig. 17 . This shows that the ground state for large J ad adiabatically continues to that with J ad = 0 without closing the energy gap.
The distinction between spin-gap phases with different edge spins is ascribed to the topological difference in the bulk ground states of Hamiltonian (18) . [3] [4] [5] [6] [7] According to ref. 7, only two topologically distinct spin-gap phases are possible in the spin-1/2 chains without translational invariance.
To see the above situation explicitly for the present model, we modify the Hamiltonian
as shown in Fig. 18 . This modification consists of the following local change of the exchange constants. The exchange constants of S 1 -S 2 and S 2L−1 -S 2L bonds are changed from J F to J L . Those of S 2 -S 3 and S 2L−2 -S 2L−1 bonds are changed from J A to J L . Those of S 1 -S 3 , S 2 -S 4 , S 2L−2 -S 2L , and S 2L−3 -S 2L−1 bonds are set equal to 0. If the ground state of H o L has edge spins with magnitude S e , that of the modified Hamiltonian H mod L has edge spins with magnitude S e +1 for ferromagnetic J L . This implies that the I Se -phase and the I Se+1 -phase are actually the same phase , since this modification only concerns the local bonds and the bulk ground state should remain unchanged, because it is unique and gapful, except for the quasi-degeneracy due to the edge spins, as explained in §4.3. In this context, all the ground states with integer S e form a single phase, and those with half-odd-integer S e form another single phase. However, as discussed in §4.1, it is arbitrary as to which of the two phases should be called "topological" and which one "trivial". Therefore, we regard the I Se phase with halfodd-integer S e , connected to the Haldane phase of the spin-1 chain, the "topological" phase and that with integer S e the "trivial" phase. Within the parameter space of the present model, however, we cannot move from the I Se phase to the I Se+1 phase without passing through the I Se+1/2 phase. Therefore, all I Se phases with different S e are separate phases in the present model.
We may speculate that the I Se -I Se+1 phase boundary is a SU(2) symmetric Gaussian critical line with conformal charge unity, since this is the transition between two rotationally invariant spin-gap phases with different valence bond structures, such as the uniform point of the spin-1/2 isotropic dimerized Heisenberg chains. To confirm this speculation numerically, it is necessary to estimate the conformal charge from the ground-state energy with the periodic boundary condition obtained by numerical exact diagonalization. In the present case, however, this is difficult owing to the limitation of the tractable system size. The intersections of the line of eq. (17) with the I Se -I Se+1 critical lines give the F-I Se -I Se+1 triple points. Obviously, the line of eq. (17) has no singularities at these triple points.
Edge spin state on the ferromagnetic-nonmagnetic
phase boundary The exact ground state on the ferromagneticnonmagnetic phase boundary, eq. (17), is obtained by Dmitriev et al. 18, 19 for the Hamiltonian
where the exchange couplings of the endmost bonds are halved to allow the exact solution. The ground state for J L /J A = −m/2, where m is a positive integer, has a longrange spiral spin correlation with wavelength equal to the system size. This corresponds to the ferromagnetic state with a single twist. On the contrary, the ground state for J L /J A = −m/2, which is called the "special point", has a short-range antiferromagnetic order. Therefore, it is expected that this solution continues to the I Se states with the spin gap on the nonmagnetic side of the phase boundary.
To confirm this speculation, we examine the edge spins in the solutions at the special points. Figure 19 shows the accumulated magnetization M i for total spin S tot = S z tot = m − 1 calculated using the method in ref.
31. This figure shows that these solutions have edge spins with S e = (m− 1)/2 on both ends of the chain. As shown in the phase diagram in Fig. 2 , each special point with m = 2S e + 1 belongs to the I Se phase. Thus, we may regard the special point solution with m as being representative of the I Se phase for each S e = (m − 1)/2. Namely, our numerical calculation shows that there exists an I Se phase of finite width around each special point.
Among the special point solutions, the solution with m = 2 is an isolated dimer state on the J A bonds. This state remains the ground state all along the line J F = 2J L for J L > −J A . This line belongs to the Haldane phase in the phase diagram of Fig. 2 . This confirms that the special point solution with m = 2 is representative of the valence bond structure of the Haldane phase.
It appears pathological that the ground states for the special points J L /J A = −m/2 and those for J L /J A = −m/2 are totally different. However, it is known that the ground states are macroscopically degenerate in the thermodynamic limit along the magnetic-nonmagnetic phase boundary, eq. (17) . This is analytically proven on the special points and suggested by the numerical calculation for other points on this line. 19 From the continuity consideration, it is plausible that both types of eigenstates are actually present among the degenerate ground states for arbitrary values of J L /J A on the ferromagneticnonmagnetic phase boundary.
Summary and Discussion
Ground-state phases of the spin-1/2 ferromagneticantiferromagnetic alternating Heisenberg chain with ferromagnetic NNN interaction are investigated. In addition to the conventional Haldane phase and the ferromagnetic phase, we confirmed the presence of intermediate spingap phases having edge spins with various magnitudes on both ends. These phases are classified into two topologically distinct phases according to whether the edge spin S e is an integer or half-odd-integer in the open-chain Hamiltonian (18) . The physical picture of each phase is discussed on the basis of the appropriate modification of the Hamiltonian. The relation to the exact solution on the ferromagnetic-nonmagnetic phase boundary is also discussed. It is found that each special point solution 18, 19 with J L /J A = −m/2 has edge spin (m − 1)/2 and is representative of the I Se phase with S e = (m − 1)/2.
Although we have characterized the nature of the spingap phases in our model as a series of topological phases by detecting the edge spins, several types of exotic phases are known to exist near the ferromagnetic-nonmagnetic phase boundary in other frustrated quantum spin chains. Hence, it is worthwhile to examine the possibility of their realization in the intermediate phases of the present model.
One of the candidates is the spin nematic phase, which is a condensed state of bound multimagnons. 25, 26, 32, 33 In this case, the lowest bulk excitation should have total spin 2 or larger. We have checked numerically that this is not the case in the intermediate phases of the present model.
Spontaneously polymerized phases with broken translational symmetry are also candidates. 13, 27, 32, [34] [35] [36] In the open chain, however, one of the symmetry-broken states should be automatically selected if the system size is an integer multiple of the periodicity of the ground state. Hence, a spatial modulation of physical quantities should be observed in the ground state calculated by DMRG. Such a spatial modulation is not observed in the intermediate phases of the present model.
The spiral (quasi-)long-range ordered phase is also excluded because of the presence of the bulk spin gap. Nevertheless, the short-range spiral order might be possible even in the spin-gap phases. In this case, the spin gap should open at a finite wave number. 37 Although we found no evidence of such behavior within the system size accessible by the numerical exact diagonalization method, the possibility of a spiral short-range order with pitch longer than the system size remains possible. Even in this case, the ground-state phase transition does not take place as long as the spiral order remains short ranged.
The physical origin of the edge spin with general values of S e may be understood in the following way. For large ferromagnetic J L , the spins on the odd-th (even-th) sites are strongly correlated ferromagnetically with each other. In the nonmagnetic phase, however, this correlation does not extend over the whole chain, but is cut into finite ferromagnetic clusters fluctuating in position and length. The clusters on the even-th sites and odd-th sites are correlated antiferromagnetically, forming a nonmagnetic ground state as a whole. On both ends of the chain, the endmost clusters are pinned to the edges, resulting in the edge states with spin S e .
The ground-state phase diagram is successfully determined within the present analysis, which is mainly based on the energy gap. Recently, however, it was proposed to characterize the topological difference in the spin gap phases by the quantized Berry phase, 3 the degeneracy of the entanglement spectrum, and the space inversion parity. 4, 5 It is possible that the numerical and analytical investigations of these quantities can lead to a deeper understanding of the nature of the I Se phases and the corresponding special points. These tasks are left for future studies.
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